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Abstract
We study Michael Weiss’ “orthogonal tower” of the functors V → BO(V ) and V → BU(V ). We
describe the Weiss derivatives of these functors and calculate the homology of the layers. The orthogonal
tower studied here is related to the Goodwillie tower of the identity functor in various ways. Most of
our results are Weiss-tower analogues of previous results of Arone–Mahowald and Arone–Dwyer on the
Goodwillie derivatives of the identity, but we believe that there are new things to be learned from the
Weiss tower. ? 2002 Elsevier Science Ltd. All rights reserved.
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0. Introduction
Let F be R or C. Let U be an in7nite-dimensional vector space over F with a positive-de7nite
inner product. Let J be the category of 7nite-dimensional vector subspaces of U and product-
preserving linear maps (in other words, the morphisms are linear isometric inclusions). Weiss
provided [19] a general framework for studying continuous functors from J to Spaces∗ (the
category of spaces with a non-degenerate basepoint). One of the main constructions of Weiss
associates a “Taylor tower” of sorts to a given continuous functor F :J → Spaces∗. In more
detail, the Taylor tower of F is a tower of 7brations of functors
· · · → TnF → Tn−1F → · · · → T0F;
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where TnF is, in a certain sense, a polynomial functor of degree n. Moreover, for each n
there is a natural transformation F → TnF , which is in a suitable sense the best possible
approximation of F by a polynomial functor of degree n. So, TnF is the nth Taylor polynomial
of F . T0F is the constant approximation of F , and the expansion is at in7nity, so in fact
T0F(V )=hocolimk→∞ F(Rk). For n¿ 0, the functor ho7ber {TnF → Tn−1F} should be thought
of as the diHerence between the nth and the (n − 1)th Taylor approximations, in other words
it is the nth homogeneous term in the Taylor expansion of F . An important result of [19]
describes the general form of homogeneous functors. It turns out that homogeneous functors
of degree n are classi7ed (up to natural homotopy equivalence) by spectra with an action of
Aut(n):=Aut(Fn). Here we are using notation that allows us to include both real and complex
vector spaces into the discussion. Thus Aut(n) is O(n) or U(n) depending on whether we are
over the reals or over the complex numbers. A homogeneous functor of degree n has, up to
natural homotopy equivalence, the form
V → ∞(Cn ∧ SnV )h Aut(n);
where Cn in some spectrum with an action of Aut(n) and nV stands for V ⊗ Fn. Notice that
SnV has a natural action of Aut(n). A subscript of the form hG means the homotopy orbits,
in the based sense, with respect to an action of the group G. When the homogeneous functor
is 7ber {TnF → Tn−1F} for some functor F , we say that Cn, as a spectrum with an action of
Aut(n), is the nth derivative of F .
Obviously, Weiss’ theory is closely related to (and is inspired by) Goodwillie’s calculus of
homotopy functors [9–11]. In this paper we will use the term “Taylor tower” to mean either
the Weiss tower of a functor of J, or the Goodwillie tower of a homotopy functor of spaces.
It should be clear from the context which one is meant.
Here are a few examples of functors to which one can pro7tably apply Weiss’ theory.
The examples are listed, roughly speaking, in order of increasing diJculty: (1) V (SV ∧ X ),
(2) BAut(V ), (3) Emb(M × V;N × V ), (4) BTOP(V ). Here V is a generic object of J
and the functors are functors of V . In the 7rst example X is a 7xed based space, SV is
the one-point compacti7cation of V and VY denotes the space of continuous based maps
from SV to Y . In the second example BAut(V ) is BO(V ) or BU(V ). In the third example
M and N are 7xed (topological, smooth, etc.) manifolds with the dimension of M smaller
than the dimension of N , and Emb(−;−) stands for the space of (topological, smooth, etc.)
embeddings. In the last example TOP(V ) is the group of homeomorphisms from V to
itself.
The 7rst one of the examples above is homotopy–theoretic. Its turns out that its Weiss tower
is essentially the same as the Goodwillie tower of the identity functor, which was studied by
Johnson and by the author (with Mahowald) [12,5]. The last two examples are more geometric,
and it is largely this kind of example that motivated Goodwillie’s philosophy of calculus in the
7rst place. The Taylor towers of these functors are not yet well understood.
In this paper we study the Weiss tower of the functor V → BAut(V ). It is, in various ways, an
intermediate between the homotopy–theoretic example and the geometric examples mentioned
above. It is our hope (and part of our motivation) that understanding this example will bring
us a little step closer to understanding the more diJcult geometric examples such as mentioned
above.
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The 0th term of our tower is the constant functor
V → BAut:=colimn BAut(Fn):
In other words, it is BO or BU. Thus the Weiss tower is a tower of 7brations starting with
BO (or BU) and converging to BO(V ) (or BU(V )). Notice that the homotopy groups of the
0th term are known, so the 0th term of the tower is “better understood” than the inverse limit
of the tower. For n¿ 0, the nth layer (i.e., the homotopy 7ber of the map TnBAut(V ) →
Tn−1BAut(V )) is, up to a natural weak equivalence, of the form V → ∞(M Fn ∧ snV )h Aut(n)
where M Fn is some spectrum with an action of Aut(n). The spectrum M Fn is the nth derivative
of the functor V → BAut(V ). Our main goal in this paper is to describe the spectra M Fn (together
with the action of Aut(n)) for the real and complex cases, and to analyze the cohomology of
the homotopy orbit spectra (M Fn ∧SnV )h Aut(n). We will see that there are interesting connections
between the Weiss derivatives of BAut(V ) and the Goodwillie derivatives of the identity. For
instance, in the complex case one can describe the correspondence between the results in [5,3]
on the Goodwillie tower of the identity and our present results on the Weiss tower of BU(−)
in the following table:
Goodwillie tower of the identity Weiss tower of BU(V )
Symmetric group
∑
n Unitary group U(n)
Poset of partitions of a 7nite set Poset of direct-sum
decompositions of a vector space
The transitive elementary abelian Oliver’s p-stubborn
subgroup (Z=pZ)k of
∑
pk subgroup 
U
pk of U(p
k)
Tits building for GLk(Fp) Tits building for the
symplectic group Sp2k(Fp)
We will now outline the method by which we are going to obtain our description of the
derivatives of BAut(−).
To begin with, the derivatives of the functor V → BAut(V ) are the same as of the functor
V → 7ber(BAut(V ) → BAut). Indeed, taking this homotopy 7ber amounts to “substructing a
constant” from our functor, and thus does not change the derivatives. The homotopy 7ber is,
in turn, equivalent to
Aut=Aut(V ) ∼= colim
n→∞Mor(F
n; Fn ⊕V);
where by Mor we mean morphisms in J, i.e., linear isometric inclusions. Notice that the colimit
can be replaced by homotopy colimit. Thus we have to understand the derivatives of the functor
V → Mor(W;W ⊕ V ), where W is a 7xed object of J and then take the homotopy colimit as
W goes to in7nity.
Next we observe that the Weiss tower of the functor V → Q(Mor(W;W ⊕ V )) is known, in
a guise. It is given by Miller’s stable splitting of Stiefel manifolds ([16]—see also [6] for a
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good survey of these ideas). By Crabb [6, Theorem 1:16], there is a homotopy equivalence
Q(Mor(W;W ⊕ V )) ∼=
∏
n¿1
Q((SAdn ∧Mor(Fn;W)+ ∧ SnV)Aut(n));
where Adn is the adjoint representation of Aut(n). Notice that the terms in the product on
the right side are homogeneous functors of V , and it is quite clear that the right hand side
describes, up to a natural homotopy equivalence, the Weiss tower of the functor on the left
side. In particular, the Weiss tower of this functor splits. Taking (homotopy) colimit as the
dimension of W goes to in7nity one 7nds that
Q(Aut=Aut(V )) ∼=
∏
n¿1
Q((SAdn ∧ SnV )h Aut(n)):
Here we used that colimW→∞Mor(Fn;W) is a contractible, Aut(n)-free, space. Out next task
is to pass from understanding the Taylor tower of
Q(Mor(W;W ⊕ V ))
to understanding the Taylor tower of Mor(W;W ⊕ V ). The trick is consider the Bous7eld–Kan
cosimplicial space [k] → Qk+1(Mor(W;W ⊕V )), whose total space is equivalent to Mor(W;W ⊕
V ), and to observe that once we know the Weiss tower of the functor Q(Mor(W;W ⊕ V )),
it is easy to calculate the Weiss tower of Qk(Mor(W;W ⊕ V )), using Miller’s and Snaith’s
splittings (this idea already was used in [4]). Indeed, after doing some combinatorics (and
Spanier–Whitehead duality), one 7nds that for k ¿ 1
Qk(colim Mor(W;W ⊕ V )) 
∏
n¿1
∞(Map∗(Nk−1Ln+; 
∞SAdn ∧ SnV )h Aut(n))
where Nk−1Ln is the space of k − 1 chains in the category of direct-sum decompositions of
Fn. (Precise de7nitions will be given in Section 1.) Further investigation shows that the coface
maps in the Bous7eld–Kan cosimplicial space are dual, at least up to homotopy, to the face
maps in the simplicial space N•Ln, and this suggests the following theorem.
Theorem 2. Let n¿ 1. The nth derivative of the functor V → BAut(V ) is the spectrum
Map∗(Ln; 
∞SAdn);
where Ln is the unreduced suspension of the geometric realization of the category of non-trivial
direct-sum decompositions of Fn.
We give the de7nitions required for Theorem 2 in Section 1. The proof of the theorem
is relegated to Section 5. The detailed proof is a bit long and tedious. This is so because
(just as in [4]) there are some technical diJculties with our plan of proving Theorem 2. The
main problem is that the known models for Miller’s and Snaith’s splittings are not functorial
enough for our purposes. More precisely, they do not interact well enough with the coface
maps in the Bous7eld–Kan cosimplicial space. In Section 5 we will describe a new model for
the Weiss tower of Qk Mor(W;W ⊕ V ), one that has the required naturality properties. Again,
our construction is very similar to the one in [4]. Its main features are that it is constructed
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in terms of homotopy inverse limits (7xed point spaces) rather than homotopy direct limits
(orbit spaces) and that it only provides a tower of 7brations, which does not obviously split.
Of course we will know that our tower of 7brations splits, for example because of [16], but it
will not be obvious from the construction.
Another potential problem is covergence. Weiss’ derivatives commute, up to natural homotopy
equivalence, with 1nite homotopy limits of functors, but do not, in general, commute with
in7nite homotopy limits. Therefore, they do not necessarily commute with taking the total space
of a cosimplicial space. However, in our case it is not hard to show that the Weiss derivatives
behave well with respect to the Bous7eld–Kan cosimplicial space [k] → Qk+1(Mor(W;W ⊕V )).
This is so because in the tower of 7brations associated with the Bous7eld–Kan cosimplicial
space (BK tower), the degree of the bottom non-trivial layer of the Weiss tower of the 7bers
in the BK tower goes to in7nity as one goes up in the BK tower. We will not say anything
more on this issue.
Obviously, the role of the poset of direct-sum decompositions of Fn in the Weiss tower of
BAut(V ) is analogous to the role of the poset of partitions of a 7nite set in the Goodwillie
tower of the identity. There are diHerences between the two posets, however. One diHerence
is that unlike the poset of partitions of a 7nite set, the poset of direct-sum decompositions is
not a lattice. It does not have a greatest lower bound operation. It does have a well-de7ned
least upper bound operation and in particular it has a 7nal object (the decomposition with one
component), but no initial object. Indeed, an initial object would be a decomposition of Fn
into a direct sum of lines, but such a decomposition is not unique. It follows that there is
no reason to expect Ln to have an easily describable homotopy type, even non-equivariantly.
This is in contrast with Kn, the realization of the poset of partitions of a 7nite set, which
non-equivariantly is equivalent to a wedge of (n− 1)! spheres of the same dimension. There is
however, an eJcient way to study the non-equivariant homotopy type of Ln, by comparing the
Weiss tower with the Goodwillie tower of the identity. This idea is due to Goodwillie, and we
are very grateful to him for allowing us to make use of it here. Basically, one considers the
7bration sequence
SV → BO(V )→ BO(V ⊕ R)
in the real case, or the 7bration sequence
SV → BU(V )→ BU(V ⊕ C)
in the complex case, and uses the fact that the Weiss derivatives of the 7ber are essentially
given by the Goodwillie derivatives of the identity. In Section 2 we follow through on this
idea, and obtain the following theorem.
Theorem 3. There exists an O(n− 1)-equivariant equivalence
Map∗(L
R
n ; 
∞SAd
R
n ) Map∗(S1 ∧ Kn; ∞S0) ∧n O(n− 1)+: (1)
Similarly; in the complex case there exists a U(n− 1)-equivariant weak equivalence
Map∗(L
C
n ; 
∞SAd
C
n ) Map∗(S1 ∧ Kn; ∞Sn) ∧n U(n− 1)+:
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Here n is considered a subgroup of O(n − 1) and U(n − 1) via the reduced standard rep-
resentation. Kn stands for unreduced suspension of the geometric realization of the category of
non-trivial partitions of a set with n elements.
Now we can use the results of [2,1] to study the non-equivariant homotopy type of the Weiss
derivatives. The spectra
Map∗(L
C
n ; 
∞SAd
C
n ) Map∗(S1 ∧ Kn; ∞Sn) ∧n U(n− 1)+
were studied in [1], and the real version can be analyzed similarly. It turns out that in the
complex case the nth Weiss derivative vanishes unless n is a power of prime. If n=pk then the
nth Weiss derivative turns out to be essentially the 7nite spectrum with Ak−1-free cohomology
constructed by Mitchell in [17]. In particular, if n = p = prime, then the nth derivative is the
modp Moore spectrum (with an interesting action of U(p)). In the real case the nth derivative
vanishes unless n is a power of a prime or twice a power of a prime. When n=pk or n=2pk , one
can often re-express the nth derivative in terms of a considerably smaller space. For instance,
in the complex case, if n = pk one can show that one can replace the action of pk on Kpk
with the action of the aJne group GLk(Fp)n Fkp on the Tits building for GLk(Fp) (Section
3). In the cases when the derivatives do not vanish, we describe their cohomology groups,
and show that they have interesting freeness properties over the Steenrod algebra. In fact, as
was observed in [1], when the derivatives do not vanish, they are closely related to the 7nite
spectra with Ak-free cohomology constructed by Mitchell in [17]. These freeness properties can
be interpreted in terms of vk-periodic homotopy in the spirit of [5] (see Theorems 4 and 5 for
detailed statements).
In view of the vanishing results of Theorem 4, and in view of the general similarity of the
Weiss tower to the Goodwillie tower of the identity, it is natural to look for analogues in the
present context of the results of [3] on approximating the partition poset with the Tits building.
In [3] the (p-completion of the) homotopy orbit spectrum
Map∗(Kpk ; 
∞X ∧p
k
)hpk
was studied (in the case of X a sphere) by 7nding a modp homology approximation of Kpk
and identifying it as the Tits building for GLk(Fp) (induced up from the group GLk(Fp)nFkp
to the symmetric group pk). In the present paper we would like to analyze the homotopy orbit
spectrum Map∗(L
F
pk ; 
∞SAd
F
pk ∧ SpkV )h Aut(pk) by 7nding a modp homology approximation for
LFpk . We will only do it in the complex case, which is a little simpler. In Section 4 we show
that in the case n = pk; p a prime, there is an approximation for LCpk that is very similar to
the approximation of Kpk found in [3]. The role of the transitive elementary Abelian subgroup
of pk is now played by the p-stubborn subgroup Upk ⊂ U(pk) discovered by Oliver in [18].
It is a central extension of the circle group by (Z=pZ)2k . One can also describe the subgroup
Upk ⊂ U(pk) as the standard projective representation of (Z=pZ)2k . It is essentially the only
faithful irreducible projective complex representation of an elementary abelian group.
The Weyl group of Upk in U(p
k) is the symplectic group Sp2k(Fp). Therefore, it is not sur-
prising that the role that the group GLk(Fp) played in [3] is now played by the symplectic group
Sp2k(Fp), and the Tits building for GLk(Fp) gets replaced by the Tits building for Sp2k(Fp).
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To summarize, let TSp(2k) be the Tits building for Sp2k(Fp) (precise de7nitions are given in
Section 4). Let Nk be the group NU(pk)Upk , the normalizer of 
U
pk in U(p
k). Extend the action
of Sp2k(Fp) on TSp(2k) to an action of Nk by letting Upk act trivially. We show in Section 4
that
Theorem 1. There exists a U(pk)-equivariant map U(pk)+ ∧Nk TSp(2k) → Lpk , which is a
modp homology equivalence.
This is a special case of Theorem 11 below. It follows that the map alluded to in the theorem
induces a modp homotopy equivalence on homotopy orbit spectra
Map∗(Lpk ; 
∞SAdpk ∧ SpkV )hU(pk) →Map∗(TSp(2k); ∞SAdpk ∧ Sp
kV )hNk :
This is our analogue of the main result of [3]. It implies, in particular, that the pk th layer
of the Weiss tower of BU(V ) is a wedge summand of the spectrum ∞−k(SAdpk ∧ SpkV )hU
pk
.
Precisely, it is the wedge summand split oH by the symplectic Steinberg idempotent.
1. The derivatives of BO(−) and BU(−)
In this section we describe the Weiss derivatives of the functor V → BAut(V ). Consider
the vector space Fn with the standard inner product. Let LFn be the category of direct-sum
decompositions of Fn. We will sometimes omit the superscript F from the notation when F is
irrelevant or is clear from the context. Thus an object of Ln is an unordered collection of
mutually orthogonal subspaces of Fn whose direct sum is all of Fn. We call these subspaces the
components of the decomposition. There is a (unique) morphism of decompositions 1 → 2 if
every component of 1 is a subspace of some component of 2. This category is a poset and
the role it plays in the Weiss tower of BAut(V ) is analogous to the role the poset of partitions
of a 7nite set plays in the Goodwillie tower of the identity. Notice that Ln is a topological
category, in the sense that the simplicial nerve of Ln has a natural topology on it (in fact,
the sets of simplices are disjoint unions of homogeneous manifolds). So whenever we speak
about homotopy limits or colimits over Ln (or any other topological category), it is understood
that these are de7ned in such a way as to take the topology of the category into account. In
particular, when we speak about the geometric realization of Ln, we take the topology of Ln
into account.
We introduce a certain based simplicial space O•; n, which is essentially a suspension of the
nerve of Ln. Let 1ˆ be the maximal object of Ln. Let Tk;n be the space of non-decreasing
chains (0; : : : ; k) of direct-sum decompositions of Fn such that k = 1ˆ. De7ne O•; n by taking
Ok;n = (Tk;n)+ and letting the face and degeneracy maps be de7ned as follows:
di((0; : : : ; k)) = (0; : : : ; i−1; i+1; : : : ; k) for i = 0; : : : ; k − 1;
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dk((0; : : : ; k)) =
{
(0; : : : ; k−1) if k−1 = 1ˆ;
basepoint otherwise;
si((0; : : : ; k)) = (0; : : : ; i; i; : : : ; k) for i = 0; : : : ; k:
It is not hard to check that O•; n is indeed a simplicial space, and its geometric realization is
equivalent to the unreduced suspension of the geometric realization of the category Ln with the
7nal object deleted. Let L˜n be the geometric realization of the poset of non-trivial direct sum
decompositions, and let Ln be the geometric realization of O•; n (we will denote it LFn when we
wish to emphasize that Ln depends on the 7eld F). Thus Ln is the unreduced suspension of L˜n.
Notice that Ln has a natural action of Aut(n). We are now ready to state the main theorem of
this section.
Theorem 2. Let n¿ 1. The nth derivative of the functor V → BAut(V ) is the spectrum
Map∗(L
F
n
∞SAd
F
n ):
Here SAd
F
n is the one-point compacti1cation of the adjoint representation of Aut(n).
Notice that the spectrum Map∗(L
F
n; ∞SAd
F
n ) has a natural action of Aut(n). It follows from
the theorem that the nth layer in the Weiss tower of BAut(V ) is the in7nite loop space
∞Map∗(Ln; 
∞SAdnSnV )h Aut(n):
The proof of the theorem is given in Section 5. For the sake of brevity, we will only prove it
for F= R. The proof of the complex case is similar.
2. A partially equivariant description of the homotopy type of the derivatives
In this section we compare the Weiss tower of the functor BAut(V ) with the Goodwillie
tower of the identity, and use it to obtain information about the homotopy type of the spectra
MRn and MCn . This idea is due to Goodwillie.
Let Kn be the unreduced suspension of the category of non-trivial partitions of the set
{1; : : : ; n}. It is known [5] that the Spanier–Whitehead dual of S1 ∧ Kn is the nth Goodwillie
derivative of the identify functor.
Theorem 3. There exists an O(n− 1)-equivariant equivalence
Map∗(Ln; 
∞SAdn) Map∗(S1 ∧ Kn; ∞S0) ∧n O(n− 1)+: (2)
Similarly; in the complex case there exists a U(n− 1)-equivariant weak equivalence
Map∗(L
C
n ; 
∞SAd
C
n ) Map∗(S1 ∧ Kn; ∞Sn) ∧n U(n− 1)+:
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Proof. We will only deal with the real case in detail, the complex case being similar. Consider
the 7bration sequence of functors of V
SV → BO(V )→ BO(V ⊕ R):
Let Pn be the nth Weiss derivative of the functor V → SV . Thus Pn is a spectrum with an action
of O(n). The above 7bration sequence induces a 7bration sequence of homogeneous functors
(which is also a co7bration sequence)
(Pn ∧ SnV )hO(n) → (MRn ∧ SnV )hO(n) → (MRn ∧ Sn ∧ SnV )hO(n):
It follows easily that there is an equivalence of functors
(Pn ∧ SnV )hO(n)  (MRn ∧ SnV )hO(n−1):
On the other hand, it is not hard to show that Pn is the nth Goodwillie derivative of the identity
functor induced from the symmetric group n to the group O(n). In other words,
Pn Map∗(S1 ∧ Kn; ∞S0) ∧n O(n)+
and so
(Pn ∧ SnV )hO(n) Map∗(S1 ∧ Kn; ∞SnV )hn :
Notice that the right-hand side can be rewritten as
(Map∗(S
1 ∧ Kn; ∞S0) ∧n O(n− 1)+ ∧ SnV )hO(n−1);
where n is considered a subgroup of O(n−1) via the reduced regular representation. It follows
that there is a weak equivalence of homogeneous degree n− 1 functors
V → (MRn ∧ S(n−1)V )hO(n−1)
and
V → (Map∗(S1 ∧ Kn; ∞S0) ∧n O(n− 1)+ ∧ S(n−1)V )hO(n−1);
it follows that the (n− 1)th derivatives of these functors are equivalent, and these by Weiss [4,
Example 5:7] are precisely the spectra in (2).
For the complex case, consider the 7bration sequence of functors (where V is understood to
be a complex vector space)
SV → BU(V )→ BU(V ⊕ C):
It follows, by the same reasoning as above, that there is an equivalence of U(n−1)-equivariant
spectra
MCn Map∗(S1 ∧ Kn; ∞Sn) ∧n U(n− 1)+:
3. Cohomology of the derivatives and their homotopy orbits
In this section, Ak stands for the (7nite) subalgebra of the Steenrod algebra generated by
Sq1; : : : ;Sq2k at the prime 2 or by #;P1; : : : ;Pp
k−1
at an odd prime p.
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Theorem 4. (a) The spectrum MCn is contractible rationally for n¿ 1. The spectrum MRn is
contractible rationally for n¿ 2.
(b) The spectrum MCn is contractible unless n is a power of a prime. If n = pk ¿ 1 then
the homology of MCpk is all p-torsion. The modp cohomology of M
C
pk is free over Ak−1 and is
isomorphic (up to a shift); as an Ak−1-module; to Ak−1 ⊗ E; where E is a free module on one
generator over the exterior algebra
〈 Sci | 16 i 6 pk − 1; i = pk − pj〉
generated by the looped Chern classes that are not Dickson classes (so the degree of Sci is
2i− 1). The cohomology of the homotopy orbit spectrum (MCpk ∧ Sp
kV )hU(pk) is free over Ak−1
and is isomorphic to Ak−1⊗ SP; where SP is a free module on one generator over the polynomial
algebra Fp[d−∞; d0; : : : ; dk−1]; where |dj|= 2(pk − pj).
(c) The spectrum MRn is contractible unless n is a power of a prime or twice a power of
an odd prime. The detailed statement is di9erent for p= 2 and p odd.
First; let p=2; n=2k : The mod 2 cohomology of the spectrum MR2k is free over Ak−2. It is
isomorphic; as an Ak−2-module; to Ak−1 ⊗ E; where E is as in part (b) of the theorem. The
mod 2 cohomology of the homotopy orbit spectrum (MR2k ∧ S2
kV )hO(2k) is free over Ak−2 and is
isomorphic; as an Ak−2-module to Ak−1 ⊗ SP where SP is; again; as in part (b).
Now let p be odd; n = pk: The spectrum (MRpk ∧ Sp
kV )hO(pk) is contractible if V is odd-
dimensional and is modp-equivalent to
Map∗(Kpk ; 
∞Sp
k (V−1))hpk
if V is even-dimensional. Its cohomology is Ak−1-free and is isomorphic to Ak−1⊗Fp[d0; : : : ; dk−1].
Finally; let p be odd; n= 2pk: If V is odd-dimensional; then the spectra
(MR2pk ∧ S2p
kV )hO(2pk) and (M
R
2pk ∧ S2p
k (V+1))hO(2pk)
are modp homotopy equivalent. The cohomology of these spectra is Ak−1-free and is isomor-
phic to Ak−1 ⊗ Fp[d2−∞; d0; : : : ; dk−1].
Proof. As far as cohomology calculations go, the complex case is simpler than the real case,
so we deal with it 7rst. In fact, the spectrum Map∗(S
1 ∧ Kn; ∞Sn) ∧n U(n − 1)+, alias MCn ,
was analysed in [1] (see especially Section 2 and Theorem 2:2). It is shown in [1] that this
spectrum is contractible unless n is a power of a prime, and it is contractible rationally for all
n¿ 1. Let n=pk . It is also shown in [1] that the modp cohomology of MCpk is free over Ak−1,
and in fact there is an isomorphism (up to a dimension shift) of Ak−1-modules
H∗(MCpk) ∼= Ak−1 ⊗ E;
where E is as in the statement of the theorem. Moreover, one can easily deduce that for any
complex vector space V the cohomology of the homotopy orbit spectrum
(MCpk ∧ Sp
kV )hU(pk−1) Map∗(S1 ∧ Kpk ; ∞Sp
k ∧ SpkV )hpk
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is free over Ak−1, and in fact there is an isomorphism (up to a dimension shift depending on
V ) of Ak−1-modules
H∗(Map∗(S
1 ∧ Kpk ; ∞Sp
k ∧ SpkV )hpk ) ∼= Ak−1 ⊗ P;
where P is a free module on one generator over the Dickson algebra, which is the polynomial
algebra Fp[d0; : : : ; dk−1] where |dj|= 2(pk − pj).
Now consider the con7bration sequence of spectra
(MCpk ∧ Sp
kV )hU(pk−1) → (MCpk ∧ Sp
kV )hU(pk) → (MCpk ∧ Sp
k(V⊕C)
)hU(pk):
By Theorem 3, the 7rst of these three spectra is equivalent to
Map∗(S
1 ∧ Kpk ; ∞Sp
k ∧ SpkV ):
It is not very hard to show, using homology calculations in the spirit of [5], that the second
map is injective on cohomology (we plan to write a detailed exposition of this in a separate
paper). It follows that the spectral sequence associated with the 7ltration
H∗((MCpk ∧ S0)hU(pk))←- H∗((MCpk ∧ S2p
k
)hU(pk))←- · · ·
collapses, and that
H∗((MCpk ∧ S0)hU(pk)) ∼= ⊕j H
∗(Map∗(S
1 ∧ Kpk ; ∞Sp
k ∧ SpkCj)hpk ):
Clearly, the right-hand side is isomorphic to Ak−1 ⊗ P[d−∞], where d−∞ is a generator of
dimension 2(pk − p−∞) = 2pk . This completes the proof of the complex case.
Now we move on to the real case. Here we have to distinguish between the cases of p= 2
and p odd, and between the cases of V being even or odd-dimensional. Let us start with the
case p=2. In this case the main result of [3] is valid for all V (both even and odd-dimensional).
By this we mean that the spectrum
Map∗(S
1 ∧ Kn; ∞SVn)hn
is contractible (at the prime 2) unless n is a power of 2, for all V . If n=2k then the natural map
Tk → Kpk where Tk is the unreduced suspension of the geometric realization of the category
of strict, non-zero, vector subspaces of Fkp (the “Tits building” for GLk(Fp)) induces a mod 2
equivalence for all V
Map∗(S
1 ∧ K2k ; ∞S2
kV )h2k →Map∗(S1 ∧ Tk; ∞S2
kV )hGLk (F2)nFk2 :
The target of this map is equivalent (up to a suspension) to the image of the suspension
spectrum ∞S2kVhZ=2Zk under the action of the Steinberg idempotent of GLk(F2). It is well known
that the cohomology of this spectrum is free over Ak−1 if V is odd-dimensional and is free over
Ak−2 if V is even-dimensional. In particular, it is always Ak−2-free. In fact, this cohomology is
isomorphic (up to a dimension shift) of Ak−1 ⊗ F2[d0; : : : ; dk−1] as a graded vector space. The
isomorphism is an isomorphism of Ak−1-modules if V is odd-dimensional and is an isomorphism
of Ak−2-modules if V is even-dimensional.
It follows, using the same reasoning as in [1], that the spectrum
MRn =Map∗(S
1 ∧ Kn; ∞SVn) ∧n O(n− 1)+
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is contractible mod 2 unless n is a power of 2 and that there exists a mod 2 equivalence
Map∗(S
1 ∧ K2k ; ∞S2
kV ) ∧2k O(2k − 1)+↓
Map∗(S
1 ∧ Tk; ∞S2kV ) ∧AH k O(2k − 1)+;
where AH k = GLk(F2)n Fk2. The target of this map is, again, equivalent to the image of the
suspension spectrum of S2
kV ∧Z=2Zk O(2k − 1)+ under the action of the Steinberg idempotent. It
is a version of one of the spectra constructed in [17]. Its cohomology is free over Ak−2 (it is
free over Ak−1 if V is odd-dimensional). Using the same argument as in the complex case, one
concludes that the cohomology of (MR2k ∧ S2
kV )hO(2k) is free over Ak−2, and is isomorphic, as an
Ak−2-module, to Ak−1 ⊗ F2[d−∞; d0; : : : ; dk−1] (the freeness statement is vacuous if k − 2¡ 0).
It remains to deal with the odd-primary case. Let p be an odd prime, and let all spaces
be completed at p and all cohomology be taken with modp coeJcients. Consider again the
co7bration sequence
Map∗(S
1 ∧ Kn; ∞SnV )hn −−→ (MRn ∧ SnV )hO(n)
(MRn ∧ SnV ∧ Sn)hO(n):
From [5] we know that the spectrum Map∗(Kn; 
∞SnV )hn is contractible unless n is a power
of p or else n is twice a power of p and V is even-dimensional. Let us deal with the case
n= pk 7rst. From [3] we know that if V is odd-dimensional then
Map∗(S
1 ∧ Kpk ; ∞Sp
kV )hpk Map∗(S1 ∧ Tk; ∞Sp
kV )h AH k :
On the other hand, we will see below (Proposition 14) that if V is odd-dimensional then
(MRpk ∧ Sp
kV )hO(pk)
is in fact contractible. It follows that if V is even-dimensional, then there are homotopy equiv-
alences
(MRpk ∧ Sp
kV )hO(pk)Map∗(Kpk ; ∞Sp
k (V−1))hpk
Map∗(Tk; ∞Sp
k (V−1))h AH k :
It follows that if V is even-dimensional then the cohomology of
(MRpk ∧ Sp
kV )hO(pk)
is free over Ak−1 and in fact is isomorphic to Ak−1⊗Fp[d0; : : : ; dk−1]. The statement about MRpk
itself is derived similarly.
Now let us consider the case n=2pk . We know from [5] that the spectrum Map∗(S
1 ∧K2pk ;
∞S2pkV )h2pk is contractible if V is odd and is equivalent to Map∗(S
1 ∧Kpk ; ∞Spk (2V−1))hpk
if V is even. It follows that the map
(MR2pk ∧ S2p
kV )hO(2pk) → (MR2pk ∧ S2p
kV ∧ S2pk)hO(2pk):
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Is an equivalence if V is odd-dimensional. On the other hand, it is not very diJcult to show
that the map
(MR2pk ∧ S2p
kV )hO(2pk) → (MR2pk ∧ S2p
kV ∧ S4pk)hO(2pk)
is injective on cohomology. We know that the 7ber of this map is equivalent to Map∗(S
1 ∧
Kpk ; ∞Sp
k (2V−1))hpk . The cohomology of this spectrum is free over Ak−1, and is isomorphic
to Ak−1⊗Fp[d0; : : : ; dk−1]. It follows that the cohomology of (MR2pk ∧S2p
kV )hO(2pk) is isomorphic
to Ak−1 ⊗ Fp[(d−∞)2; d0; : : : ; dk−1].
As was pointed out in [5], these results have an interpretation in terms of the chromatic 7ltra-
tion in homotopy theory. The fact that a certain layer’s cohomology is free over Ak means that
the vi-periodic homotopy of this layer is trivial for i 6 k. The fact that the Weiss tower con-
verges exponentially rather than linearly implies that the tower actually converges in vi-periodic
homotopy (this is explained in [5] for the Goodwillie tower of the identity evaluated at spheres).
We obtain the following theorem as a corollary.
Theorem 5. Let TnBAut(V ) be the nth Taylor approximation of BAut(V ). In the complex
case; the map BU(V ) → TpkBU(V ) is an equivalence in vi-periodic homotopy for i 6 k.
In the real case; the map BO(V ) → T2pkBO(V ) is an equivalence in vi-periodic homotopy
for i 6 k.
4. Homology approximations of the layers
We know now that the space LCn is contractible unless n is a power of a prime. We also
know that if n= pk ¿ 1 then LCn is p-complete. In this section we construct, for every prime
p and positive integer k, an equivariant modp homology approximation of the space LCpk , and
identify it as the symplectic Tits building. We will also prove a vanishing result for the layers
of BO(−) at odd primes. This section is closely related to [3]. For most of the section, the
discussion will be con7ned to the complex case, so we use the notation Ln for LCn .
We need to recall from [18] the de7nition of certain subgroups Upk of U(p
k). Recall that
there exists a (unique up to conjugacy) transitive elementary Abelian subgroup *k ⊂ pk . Thus
*k ∼= (Z=pZ)k . We think of the subgroup Upk ⊂ U(pk) as analogous to the subgroup *k ⊂ pk .
Let +0; : : : ; +k−1 be the following basis for *k :
+r(i) =
{
i + pr; i ≡ 1; : : : ; (p− 1)pr (modpr+1);
i − (p− 1)pr; i ≡ (p− 1)pr + 1; : : : ; pr+1 (modpr+1):
Let -=e2.i=p. De7ne matrices A0; : : : ; Ak−1; B0; : : : ; Bk−1 by letting Br be the permutation matrix
corresponding to +r and by de7ning
(Ar)ij =
{
-[(i−1)=p
r] i = j;
0 i = j;
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where [−] denotes greatest integer. These matrices satisfy the commutator relations [Br; Ar]=-·I
and these are essentially the only relations between them. Now we are ready to de7ne the groups
Upk ⊂ U(pk).
De*nition 6.
Upk = 〈u · I; Ar; Br | u ∈ S1; 06 r 6 k − 1〉 ⊂ U(pk):
Thus, there is a central extension
0→ S1 → Upk → (Z=pZ)2k → 0:
Notice that
[Upk ; 
U
pk ] = Z=pZ ⊂ S1 = Z(Upk):
In particular, the commutator of any two elements is in the center. It follows that the commutator
de7nes a non-degenerate, skew-symmetric, bilinear form on .0(Upk)=(Z=pZ)
2k . In other words,
the commutator endows .0(Upk) with the structure of a symplectic vector space over Fp. It is
easy to see that conjugation by elements of U(pk) preserves the symplectic structure, and
in fact it is shown in [18] that the Weyl group of Upk in U(p
k) is the symplectic group
Sp2k(Fp). Following standard terminology from symplectic geometry, we say that a subgroup
V ⊂ (Z=pZ)2k is isotropic if V ⊂ V⊥ (with respect to the symplectic inner product), coisotropic
if V⊥ ⊂ V , Lagrangian if V = V⊥ and symplectic if V ∩ V⊥ = {0}. In particular, V has rank
at most k if it is isotropic, has rank at least k if it is coisotropic, has rank exactly k if it is
Lagrangian, and has an even rank if it is symplectic. We say that a subgroup H of U(pk) is
admissible if H is a pullback of a diagram of the form
Upk  (Z=pZ)
2k ←- V;
where V is a coisotropic subspace of (Z=pZ)2k . Let Ek be the poset of proper admissible
subgroups of Upk . Clearly, this is isomorphic to the poset of proper coisotropic subspaces of
the symplectic vector space (Z=pZ)2k . Let TSp(2k)=|Ek | be the unreduced suspension of the
geometric realization of Ek . Thus TSp(2k) is the symplectic Tits building. Let Ak=NU(pk)(Upk)
be the normalizer of Upk in U(p
k). Thus, there is a (non-split) extension
1→ Upk → Ak → Sp2k(Fp)→ 1:
Clearly, there is a natural action of Ak on TSp(2k) coming from conjugation, and in fact the
restriction of the action to the subgroup Upk of Ak is trivial. We want to show that there exists
an equivariant (with respect to the group inclusion Ak ,→ U(pk)) map TSp(2k)→ Lpk that is in
some sense a modp homology equivalence. To do this, we use a couple of diHerent models for
Ln. The models are analogous to the models for the poset of partitions of a 7nite set considered
in [3, Section 4]. They are given in terms of posets of subgroups of U(n). Given a direct-sum
decomposition  of Cn, let H be the subgroup of U(n) consisting of elements g that preserve 
in the strong sense that each component of  is invariant under the action of g. H is conjugate
to a group of the form U(n1) × U(n2) × · · · × U(nk) where n1 + · · · + nk = n. Let Qn be the
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(topological) poset of all such subgroups of U(n) and let Q0n ⊂ Qn be the subposet consisting of
proper subgroups of U(n) of the speci7ed form. It is clear that the association  → H induces
an isomorphism of posets Ln ∼= Qn.
It follows that there are homeomorphisms L˜n ∼= |Q0n| and Ln ∼= |Q0n|. There is also a bigger
poset of subgroups that gives a model for Ln. To describe it, we need a new de7nition. Let
H ⊂ U(n) be a closed subgroup. Consider Cn as the restriction of the standard representation
of U(n) to H . Write
Cn = V⊕m11 ⊕ · · · ⊕ V⊕mkk ;
where V1; : : : Vk are irreducible, pairwise non-isomorphic, representations of H .
De*nition 7. With notation as above, we say that H is irreducible if k=1 and m1 =1. We say
that H is bad if k = 1 and m1¿ 1 and we say that H is good if it is neither irreducible nor
bad and contains the center of U(n) (the circle group).
Remark 8. The group Upk is irreducible. It is a fact from projective representation theory of
Abelian groups that every irreducible subgroup of U(pk) that is an extension of the center of
U(pk) by an elementary abelian group is conjugate to Upk . It also easy to see that a proper
subgroup H ⊂ Upk (containing the circle) is bad if and only if it is symplectic.
Let Fn be the poset of all good subgroups of U(n). Clearly, Q0n ⊂ Fn.
Proposition 9. The inclusion i :Q0n ,→ Fn is a homotopy equivalence.
Proof. Let G ∈ Fn. Let Vm11 ⊕ · · · ⊕ Vmkk be the restriction of the standard representation of
U(n) to G. By de7nition of Fn; k ¿ 1. Let Ui = V⊕mii for i=1; : : : ; k. It is easy to see that the
subspaces Ui of Cn are uniquely determined by H (unlike the subspaces Vi). Let G be the
direct-sum decomposition given by U1; : : : ; Uk and let HG be the corresponding element of Q
0
n.
The assignment G → HG induces a map of posets Fn → Q0n, and it is easy to see that it is a
homotopy inverse to the inclusion.
It follows that there is a homotopy equivalence Ln  |Fn| via U(n)-equivariant maps. Now
we specialize again to the case n = pk (p a prime). By Remark 8, the poset Ek of proper
admissible subgroups of Upk is a subposet of Fpk . The poset inclusion induces a map TSp(2k)→
Lpk that is equivariant with respect to the group inclusion Ak → U(pk). Equivalently, we have
a U(pk)-equivariant map U(pk) + ∧AkTSp(2k)→ Lpk .
We now need to recall another basic construction with collections of subgroups. Let G be
a compact Lie group. Let C be a collection of subgroups of G (a set of closed subgroups
of G invariant under conjugation). Let E(C) be the universal space for C [8,14,3]. By Arone
and Dwyer [3, Section 2:10], there is a natural, G-equivariant, map E(C) → |C|, which is a
homotopy equivalence. In fact, this statement is only proved in [3], (or rather in the reference
[7] cited there) for the case G 7nite, but it is obvious that the proof works just as well for
compact Lie groups. Thus instead of looking at the map U(pk) + ∧AkTSp(2k) → Lpk we may
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look at the map U(pk)+∧AkE(Ek)→ E(Fpk). Our goal is to show that this map is a modp
homology equivalence. We will achieve this by analyzing the 7xed point subspaces with respect
to certain subgroups of U(pk). Recall that for a group G, a collection C and a subgroup H ,
the 7xed point set E(C)H is homotopy equivalent to the realization of the poset of elements
of C that contain H (again, this is proved in [7, 4:24] for a 7nite G, but the proof works for
G compact Lie). In particular, if H ∈ C then E(C)H is contractible.
De*nition 10. A subgroup H of U(pk) is projective elementary Abelian if H contains the
center of U(pk) and the quotient of H by the center of U(pk) is elementary Abelian. H is
non-trivial (as a projective elementary abelian group) if it contains the center of U(pk) as a
proper subgroup.
In particular, Upk and its admissible subgroups are projective elementary Abelian.
Theorem 11. Let P be a projective elementary Abelian p-subgroup of U(pk). The map of
1xed points
(U(pk) + ∧AkE(Ek))P → (E(Fpk))P
is a modp homology equivalence.
Proof. The statement is obvious if k = 0 (both the domain and the target are S0 and the map
is the identity). We use induction on k. Suppose 7rst that P is not conjugate to a subgroup of
UPk . Then obviously the source is contractible. On the other hand, in this case it follows from
Remark 8 that P ∈ Fpk , so the target is contractible, and thus the map is an equivalence.
Now assume the P is conjugate to a subgroup of Upk , so we may as well assume P ⊂ Upk
and P acts on E(Ek). Assume also that P contains the center of U(pk) as a proper subgroup.
Suppose, furthermore, that P is not symplectic. We claim that in this case both the domain
and the target are again contractible. To see that the domain is contractible, observe that it is
homeomorphic to
(U(pk)=Ak+)P ∧ E(Ek)P
and so it is enough to show that E(Ek)p is contractible. This is equivalent to the poset of proper
coisotropic subspaces of (Z=pZ)k containing P0 : =.0(P). To see that this poset is contractible,
let SP0 = (P0 ∩ P⊥0 )⊥ = P⊥0 + P0. By the assumption that P is not symplectic, SP0 is a proper
subspace of Z=pZ2k . Clearly, SP0 is coisotropic and contains P0. Now let U be another proper
coisotropic subspace of Z=pZ2k containing P0. Observe that U⊥ ⊂ P⊥0 ⊂ SP0. It follows that
(U ∩ SP0)⊥ ⊂ U ∩ SP0, so U ∩ SP0 is again a proper coisotropic subspace of Z=pZ2k containing
P0. Thus taking intersection with SP0 de7nes a retraction of the poset of proper coisotropic
subspaces of Z=pZ2k containing P0 to its subposet of subspaces contained in SP0. This later
poset is contractible because it has SP0 as a maximal element. As for the target of the map, P
not symplectic, so P is good, therefore the target is contractible.
Now assume that P is symplectic, (but still contains the center of U(pk) as a proper sub-
group). It follows that P ∼= Upk1 for some 0¡k1¡k. By inspection, in this case our map of
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7xed points spaces
(U(pk) + ∧AkE(Ek))P → (E(Fpk))P
is equivalent to the map
U(pk−k1) + ∧Ak−k1E(Ek−k1)→ E(Fpk−k1 );
which is a modp homology equivalence by our inductive assumption on k.
We have now shown that our map on 7xed points is a modp homology equivalence for all
projective elementary Abelian P that contain the center of U(pk) as a proper subgroup. It is well
known that the collection of non-trivial elementary Abelian subgroups is ample [7] for every
compact Lie group containing an element of order p. It follows that the collection of non-trivial
projective elementary Abelian subgroups of U(pk) is ample for every closed subgroup of U(pk)
that contains the center of U(pk) and also contains an element of order p after dividing by
the center of U(pk). It follows easily that it is ample for every isotropy group of each of the
spaces U(pk)+∧Ak E(Ek) and E(Fk). It follows, by [8, Proposition 3:2] that this collection is
ample for these two spaces (with, say, trivial coeJcient system). This means, by [8, De7nition
3:1] (with the usual quali7cation that [8] only deals with 7nite groups and also that it deals
with the unbased construction while we work with base spaces, but it is obvious that the results
still hold) that the map on homotopy orbits
(U(pk) + ∧AkE(Ek))hU(pk) → E(Fk)hU(pk)
is a modp homology equivalence. Since the group U(pk) is connected one can in fact show a
little more, using an easy Borel–Serre spectral sequence argument. Namely, that the map
U(pk) + ∧AkE(Ek)→ E(Fk)
is itself a modp homology equivalence. Since the action of the center of U(pk) is trivial on
both spaces, the same is true for 7xed points of the center.
Corollary 12. There is a map TSp(2k) → LCpk that is equivariant with respect to the group
inclusion Sp2k(Fp) n Upk → U(pk), which induces a modp equivalence on the following
homotopy orbit spectra
Map∗(L
U
pk ; 
∞SAdpk ∧ SpkV )hU(pk)
Map∗(TSp(2k); 
∞SAdpk ∧ SpkV )hSp2k (Fp)nUpk :
Presumably, a similar result could be proved in the real case, but it might be a little more
complicated. We will content ourself with proving a vanishing result for the layers at odd
primes. We know already that LRn is contractible unless n is a power of a prime or twice a
power of a prime. We will now show that if p is an odd prime, n=pk then the nth layer of the
Taylor tower is sometimes contractible, even if the nth derivative is not. Let p be an odd prime,
k a positive integer. Let E(FRk ) be the universal space of the collection of all good subgroups of
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O(pk) (where the de7nition of a good subgroup is modi7ed from U(n) to O(n) in an obvious
way). Irreducible faithful projective representations of elementary Abelian groups (for odd p)
have even dimension over the reals. It follows immediately that all the projective elementary
Abelian p subgroups of O(pk) are good. Therefore, we have the following proposition.
Proposition 13. Let p be an odd prime, k a positive integer. The 1xed point space (E(FRk ))
P
is contractible for every projective elementary Abelian p subgroup P ⊂ O(pk).
The collection of projective elementary Abelian p subgroups is not ample for all isotropy
groups of (E(FRk )) (it is only ample for groups containing an element of order p), but it is
easy to see that it is ample (and also “reverse ample” in the sense of [3, De7nition 3:6])
for all isotropy groups if one twists by the local coeJcient system that comes from the sign
representation of Z=2Z=.0(O(pk)) (cf. [3, Lemma 4:6]). It follows that if S is a sphere with an
action of O(pk) such that the action of .0(O(pk)) on the top homology of S is multiplication
by −1 then the homotopy orbit space (S ∧ LRpk)hO(pk) is contractible modp. There is a similar
Spanier–Whitehead dual result, as a consequence of reverse ampleness. In particular, we have
the following proposition:
Proposition 14. Let p be an old prime, k a positive integer, V a real vector space of odd
dimension. The homotopy orbit spectrum
Map∗(L
R
pk ; 
∞SAdpk Sp
kV )hO(pk)
is contractible modp.
Proof. It is easy to see that the action of .0(O(n)) on the top homology of SAdn is trivial if n is
odd. It follows that the action of .0(O(pk)) on the top homology of S
Adpk Sp
kV is multiplication
by −1. The proposition follows.
5. Proof of Theorem 2
In this section we will describe our own model for the Weiss tower of the functor
V → Qk(Mor(W;W ⊕ V )):
The formulas are a little more elegant for the functor Qk(Mor(W;W ⊕ V )+), so we will work
with this functor all along, and get rid of the extra basepoint at the very end. Because of
considerations of space, we will only discuss the real case in detail. The construction adapts
easily enough to the complex case.
Before plunging into the details of the construction, let us try to motivate it by discussing
informally the case k = 1, i.e., the Taylor tower of the functor Q(Mor(W;W ⊕ V )+). By the
Miller splitting, the nth layer of the Taylor tower of this functor is the functor
V → Q((SAdn ∧Mor(Rn;W )+ ∧ SnV )hO(n)):
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Now observe that Mor(Rn;W ) ⊂ hom(Rn;W ) ⊂ SnW . Let *nSW =SnW \Mor(Rn;W ). It follows,
by Spanier–Whitehead duality, that there is a homotopy equivalence
Q((SAdn ∧Mor(Rn;W )+ ∧ SnV )hO(n))  ∞(Map∗(SnW =*nSW ; ∞SAdn ∧ Sn(V⊕W ))hO(n)):
Moreover, by a suitable version of the Adams isomorphism [13], one can replace homotopy
orbits with 7xed points. More precisely, there is a homotopy equivalence
∞(Map∗(S
nW =*nSW ; ∞SAdn ∧ Sn(V⊕W ))hO(n))  (Map∗(SnW =*nSW ;QSn(V⊕W ))O(n):
We are looking for a natural model for TnQ(Mor(W;W ⊕ V )+) (recall that Tn stands for “nth
Taylor polynomial of ”). Thus we need to assemble these layers into a tower of 7brations. It
turns out that there is a description in terms of spaces of natural transformations between two
functors of a certain small category, very much in the spirit of [2]. The small category is the
(topological) category of subspaces of Rn and isometric inclusions. It turns out that
TnQ(Mor(W;W ⊕ V )+)  NatE⊆Rn(SE⊗W ;QSE⊗(W⊕V )):
Here the functors on the right-hand side are functors of E (and so the right-hand side does not
depend on E).
Now we start with describing the construction in full detail and generality. We need to
introduce a certain small category. It is a suitable version of the category of chains of surjections
of 7nite sets that was used in [4].
De*nition 15. Let M =Jop be the opposite category of J. For an object W of M , let MW be
the full subcategory of M whose objects are vector subspaces of W . Let Mn =MRn .
De*nition 16. For k ¿ 0 let kM be the category de7ned as follows: an object 7 of kM is a
triple
7= ((lk ; : : : ; l1; l0); (9k ; : : : ; 91); {Ej}j∈lk);
where
(1) (lk ; : : : ; l1; l0) is a k-tuple of 7nite sets, where l0 = {1} (l0 is a dummy variable that does
not carry any information, but it will be convenient to have)
(2) 9i : li  li−1 is a surjection of sets
(3) Ej are pairwise orthogonal objects of M , one for each j ∈ lk
A morphism
((lk ; : : : ; l0); (9k ; : : : ; 91); {Ej}j∈lk)→ ((l′k ; : : : ; l′0); (9′k ; : : : ; 9′1); {E′j}j∈l′k)
is given by the following data:
(1) a surjection of sets hi : li  l′i for i = 0; 1; : : : ; k. The surjections hi must satisfy the
following admissibility condition (cf. [4, De7nition 1:3]): For all j ∈ li−1; hi maps the
inverse image of j in li surjectively onto the inverse image of hi−1(j) in l′i.
(2) A morphism in :j;j′ :Ej → E′j′ in M for each j′ ∈ l′k and each j ∈ h−1k (j′).
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Let kMW be the full subcategory of kM whose objects are the ones for which the direct sum
of the vector spaces associated with the elements of lk is a subspace of W . Let kMn = kMRn .
Next we de7ne a contravariant functor from kMn to spaces. In fact, the functor depends on a
choice of a tuple (W ;Xk; : : : ; X0), where W is an object of J and Xk; : : : ; X0 are based topological
spaces. So we really will describe a functor from (kMn)op×J×Spacesk+1∗ to Spaces∗. Let 7 be
an object of kMn, as in De7nition 16, let (W ;Xk; : : : ; X0) be as above. Our function is de7ned
on objects as follows:
FW ;Xk ;:::;X0(7) =
∧
j∈lk
SW⊗Ej ∧
∧
k¿i¿0
X ∧lii :
It is easy to see how to make F (contravariantly) functorial in 7. Given a morphism 7 →
7′, the Xis are mapped diagonally, as prescribed by the surjections hi : li  l′i and the term∧
j∈lk S
W⊗Ej is mapped diagonally as prescribed by the surjection hk and by the morphisms
on the Ejs. We will be particularly interested in the case when the Xis are spheres. Suppose
Xi = Smi for all i. Then we use the following notation:
S(W ;mk ; :::;m0)·7 = FW ;Xk ;:::;X0(7):
Recall that we want to 7nd a model for the nth Taylor polynomial of the functor V →
Qk(Mor(W;W ⊕V )+). We will start with attempting to do something more general (we will not
quite succeed), namely to 7nd a model for the nth polynomial approximation of m0Sm0 · · ·mk
Smk (Mor(W;W ⊕V )+). Our model for this polynomial approximation is the following space of
natural transformations of functors of 7
NatkMn(S
(W ;mk; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7):
We will use the notation
Tn(W;V ;mk; : : : ; m0)
for this space of natural transformations.
There exists a natural transformation
m0Sm0 · · ·mkSmk (Mor(W;W ⊕ V )+)
Tn(W;V ;mk; : : : ; m0):
(3)
This natural transformation is easy to understand, but cumbersome to describe. We will describe
it for k=0; 1, and the reader should be able to see without diJculty how to extend it by induction
to all values of k.
Let k = 0. In this case, kMn =Mn. So we want to construct a natural transformation
m0Sm0Mor(W;W ⊕ V )+ → NatE∈Mn(SW⊗E ∧ Sm0 ; Sm0 ∧ S(W⊕V )⊗E):
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The target of this map is a subspace of the product space∏
E∈Mn
(W⊗Em0Sm0S(W⊕V )⊗E):
So we will construct a natural map into this product, and the image of this map will be inside
the space of natural transformations. Consider the following chain of maps:
m0Sm0Mor(W;W ⊕ V )+∏
E∈Mn
m0Sm0Mor(W ⊗ E; (W ⊕ V )⊗ E)+∏
E∈Mn
m0Sm0W⊗ES(W⊕V )⊗E∏
E∈Mn
(W⊗Em0Sm0S(W⊕V )⊗E):
Here the 7rst map is given by tensoring with the identity on E, the second map is given by
taking the one-point compacti7cations of the linear isometries and the third map is the obvious
tautological map. It is easy to check that the image of the composed map is in NatE∈Mn(SW⊗E ∧
Sm0 ; Sm0 ∧ S(W⊕V )⊗E). This completes the discussion of the case k = 0.
Now let k = 1. An object of 1Mn is a 7nite set l1 and a vector space Ej for each j ∈ l1
such that their direct sum is a subspace of Rn. We will denote a generic object of 1Mn by
(E1; : : : ; Ek), the underlying assumption being that l1 = {1; : : : ; k}. So we want to construct a
natural transformation
m0Sm0m1Sm1Mor(W;W ⊕ V )
+Nat1Mn

∧
j∈l1
SW⊗Ej ∧ Sm1k ∧ Sm0 ; Sm0 ∧ Sm1k ∧
∧
j∈l1
S(W⊕V )⊗Ej

 : (4)
Again, we think of the target as a subspace of the product of mapping spaces indexed by objects
of 1Mn∏
1Mn
W⊗(⊕Ej)m1km0Sm0Sm1kS(W⊕V )⊗(⊕Ej):
To describe the map into this product, we 7x an object (E1; : : : ; Ek) of 1Mn and describe the
map into the corresponding component. Thus, we want to de7ne a map
m0Sm0m1Sm1Mor(W;W ⊕ V )+ → W⊗(⊕Ej)m1km0Sm0Sm1kS(W⊕V )⊗(⊕Ej):
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The map is de7ned as the following composite:
m0Sm0m1Sm1Mor(W;W ⊕ V )+
m0Sm0m1kSm1k(Mor(W;W ⊕ V )+)∧k
m0Sm0m1kSm1k
k∧
j=1
(Mor(W ⊗ Ej; (W ⊕ V )⊗ Ej)+)
m0Sm0m1kSm1k

 k∧
j=1
W⊗EjS(W⊕V )⊗Ej



m0Sm0m1kSm1kW⊗(⊕Ej)S(W⊕W )⊗(⊕Ej)
W⊗(⊕Ej)m1km0Sm0Sm1kS(W⊕V )⊗(⊕Ej);
where the 7rst map is taking the k-fold smash power of an element of
m1Sm1(Mor(W;W ⊕ V )+);
the second map is given by tensoring with the identity on the Ej’s, the third map is given
by taking one-point compacti7cation, the fourth map is smash product and the last map is the
tautological map. It is tedious but straightforward to verify that this map gives rise to the map
that we need (as indicated in (4)).
The natural transformation of (3) is probably not useful in general, but it becomes useful
when one lets m0; : : : ; mk go to in7nity and passes to the colimit. In this case, the target becomes
a model for the nth polynomial approximation of the source, and the map becomes a model for
the approximation map. To see this, we have to analyze the target of this map. In particular,
we will provide an inductive description of the target (inductive on n).
De*nition 17. Let kPn be the full subcategory of kMn whose objects are the objects of kMn that
are not objects of kMW for W a strict subspace of Rn.
The category kPn plays the role of the category nOk−1Mn of [4].
Proposition 18. The category kPn is a groupoid.
Proof. Straightforward, and similar to the proof of [4, Proposition 2:3].
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For an object 7 of kM let Aut(7) be the group of automorphisms of 7 in kM . It follows
from Proposition 18 that there is a homotopy equivalence
NatkPn(S
W ;mk ; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7)

∏
7
Map∗(S
W⊗(⊕Ej)+mklk+···+m0l0 ; S(W⊕V )⊗(⊕Ej)+mklk+···+m0l0)Aut(7);
where the indexing set for the right-hand side contains one object from each connected com-
ponent of the groupoid kPn.
For an object
7= ((lk ; : : : ; l1; l0); (9k ; : : : ; 91); {Ej}j∈lk)
of kPn, the group Aut(7) acts on
SW⊗(⊕Ej)+mklk+···+m0l0 = S(W ;mk ; :::;m0)·7:
Let
*7SW⊗(⊕Ej)+mklk+···+m0l0 ⊂ SW⊗(⊕Ej)+mklk+···+m0l0
be the singular set for this action, i.e., the subspace of SW⊗(⊕Ej)+mklk+···+m0l0 on which Aut(7)
does not act freely.
Theorem 19. Let Tn = Tn(W;V ;mk; : : : ; m0). There exists a pullback square of the following
form:
Tn−−→
∏
7
Map∗(S
W⊗(⊕Ej)+mklk+···+m0l0 ; S(W⊕V )⊗(⊕Ej)+mklk+···+m0l0)Aut(7) 
Tn−1−−→
∏
7
Map∗(*
7SW⊗(⊕Ej)+mklk+···+m0l0 ; S(W⊕V )⊗(⊕Ej)+mklk+···+m0l0)Aut(7):
Here the products on the right side are indexed on a set of representing objects of the
connected components of kPn. The vertical map on the left is the restriction map induced
by inclusion of subcategories. The vertical map on the right is the product of the obvious
restriction map; thus it is a 1bration and therefore the square is a homotopy pullback as well
as a strict pullback.
Proof. The proof is very similar to the proof of [4, Theorem 2:5]. First of all, recall that
one can write the space of natural transformations of functors of kMn as an inverse limit over
the twisted arrow category akMn. The objects of akMn are morphisms 7 → ; in kMn, and a
morphism (7→ ;)→ (7′ → ;′) is a commutative square
7 ←−− 7′ 
; −−→ ;′:
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Given two contravariant functors F;G from kMn, de7ne the (covariant) functor homa(F;G) from
akMn to spaces by
(7→ ;) →Map∗(F(;); G(7)):
It is then easy to see that there is a homeomorphism
NatkMn(F;G) ∼= lim← homa(F;G):
For the purposes of this proof, let
F(7) = S(W ;mk ; :::;m0)·7
and let
G(7) = S(W⊕V ;mk ; :::;m0)·7:
Our next step is to write akMn as a union of two subcategories. Let akM 1n be the full subcategory
of akMn whose objects are the arrows 7 → ; such that 7 is an object of dimension exactly
n. Let akM 2n be the full subcategory of akMn whose objects are the arrows 7→ ; such that ;
is of dimension strictly less than n. It is easily seen that the nerve of akMn is the union of the
nerves of akM 1n and akM 2n . It follows that there exists a pullback square
limakMn homa(F;G) −−→ limakM 1n homa(F;G) 
limakM
2
n homa(F;G) −−→ limakM 1n∩akM 2n homa(F;G):
We claim that this pullback square is equivalent to the square in the statement of the theorem.
To see this, we have to analyze the four spaces in the square. The upper left space is obvious.
The analysis of the upper right and the lower left corners is rather straightforward and closely
imitates the analysis of the analogous spaces in the proof of Theorem 2:5 in [4] (see especially
p. 13 of [4]). We leave the details to the reader. We will analyze the lower right corner. Thus,
we want to analyze
lim←
akM 1n∩akM 2n homa(F;G):
Recall that the objects of akM 1n ∩ akM 2n are the arrows 7 → ; such that 7 is of dimension
n and ; is of dimension less than n. It is not hard to see that two arrows 7 → ; and
7′ → ;′ are in the same connected component of akM 1n ∩ akM 2n if and only if 7 and 7′ are
in the same component of kPn. Thus there is a bijection between the connected components
of akM 1n ∩ akM 2n and of kPn and a limit over akM 1n ∩ akM 2n splits as a product indexed by the
connected components of kPn. Now 7x a connected component D of akM 1n ∩akM 2n and let 7 be
a 7xed object in the corresponding connected component of kPn. Let 7 ↓ be the subcategory of
akM 1n ∩ akM 2n whose objects are arrows of the form 7→ ; (where 7 is now our 7xed object)
and whose morphisms are commutative squares
7 =←−− 7 
; −−→ ;′;
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where the top arrow is the identity. It is clear that Aut(7) acts on the category 7 ↓ and easy
manipulations of limits show that there is a homeomorphism
lim←
akM 1n∩akM 2n homa(F;G) ∼= Map∗(colim7↓F(;); G(7))Aut(7):
To 7nally relate this space to the space in the lower right corner in the square diagram of our
theorem, one has to analyze the space colim7↓F(;). We state the result in a proposition. Again,
the proof is straightforward, and is closely given by the union of Lemmas 2:7 and 2:8 in [4].
Proposition 20. Consider the obvious map
colim7↓F(;)→ F(7):
This map is a co1bration; and its image is precisely
*7SW⊗(⊕Ej)+mklk+···+m0l0 :
It follows that the lower right corner of our square diagram is as claimed. It is easy to check
that the vertical maps in the diagram are as claimed in the theorem.
It follows that the homotopy 7ber of the restriction map
Tn(W;V ;mk; : : : ; m0)→ Tn−1(W;V ;mk; : : : ; m0)
is homotopy equivalent to the product∏
7
Map∗(S
(W ;mk ; :::;m0)·7=*7S(W ;mk ; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7)Aut(7):
This, in turn, implies the following corollary
Corollary 21. The (homotopy) direct limit of the homotopy 1ber of the restriction map
Tn(W;V ;mk; : : : ; m0)→ Tn−1(W;V ;mk; : : : ; m0)
as W;m0; : : : ; mk →∞ is homotopy equivalent to the product (indexed; as usual; by represen-
tatives of connected components of kPn)∏
7
∞∞((SAdn ∧ SnV )h Aut(7)):
Proof. By de7nition, the space *7S(W ;mk ; :::;m0)·7, is precisely the singular set of the action of
Aut7 on the space S(W ;mk ; :::;m0)·7. It follows that there are homotopy equivalences
Map∗(S
(W ;mk ; :::;m0)·7=*7S(W ;mk ; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7)Aut(7)
Map∗(S(W ;mk ; :::;m0)·7=*7S(W ;mk ; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7 ∧ EAut(7)+)Aut(7)
Map∗(S(W ;mk ; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7 ∧ EAut(7)+)Aut(7):
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Taking the limit and using the Adams isomorphism for incomplete universes [13], one obtains
the desired result.
From now on, we let
Tn(V ) = hocolimW;m0;:::;mk→∞ Tn(W;V ;m0; : : : ; mk):
Notice, however, that we have been somewhat vague about what we mean by “letting
W;m0; : : : ; mk go to in7nity”. For the W variable, we mean just the homotopy colimit over
the diagram R0 ,→ R1 ,→ · · ·. For the mi variables, normally one can just think of them as
natural numbers, which form an ordered set and thus a category. This is good enough for most
purposes, but on at least one occasion we will have to think of the mis as 7nite sets rather than
just natural numbers (and accordingly one thinks of mi → Smi as a functor on 7nite sets rather
than natural numbers). It is a well-known lemma of BTokstedt that both homotopy colimits have
the same homotopy type (the lemma has a connectivity hypothesis, whose veri7cation in the
case at hand is straightforward, but tedious). The reason that we will want to use the 7nite sets
model is its good multiplicativity properties. This idea is, again, due to BTokstedt, who used it
to give a rigorous construction of topological Hochshild homology.
To analyse further map (3) we compare it with the standard 7ltrations of mSmX and
Mor(W;W ⊕ V ) due to May–Milgram and Miller, respectively. Let Cm(X ) be the standard
little-cube model for mm(X ) [15]. Cm(X ) has a natural 7ltration by subspaces FnCm(X ) and
the subquotient FnCm(X )=Fn−1Cm(X ) is homeomorphic to C(Rm; n) + ∧nX ∧n where C(Rm; n)
in May’s space of little cubes in Rm. Similarly, recall from [16,6] that there is a 7ltration of
Mor(W;W ⊕ V ) by subspaces FnMor(W;W ⊕ V )+ such that there is a homeomorphism
FnMor(W;W ⊕ V )+=Fn−1Mor(W;W ⊕ V )+ ∼= SAdn ∧ SnV ∧O(n) Mor(Rn;W )+:
Combining all these 7ltrations, one obtains a multi-7ltration of the space
m1Sm1 · · ·mkSmkMor(W;W ⊕ V )+
by spaces Fn1Cm1(Fn2Cm2(· · ·Fn′Mor(W;W ⊕ V ))). We now consider the total 7ltration of this
multi-7ltration. Thus, let
Fn(m1; : : : ; mk ;W;V ) =
⋃
n1+···nk+n′6n
Fn1Cm1(Fn2Cm2(· · ·Fn′Mor(W;W ⊕ V )+))
be the space of total 7ltration n. All our constructions are functorial in m1; : : : ; mk and W . We
will abbreviate the limit space
hocolimm1;:::;mk ;W→∞ Fn(m1; : : : ; mk ;W;V )
as FnQk(O=O(V )). The following lemma describes the quotient
FnQk((O=O(V )))=Fn−1Qk(O=O(V )):
Its proof is straightforward and is left to the reader.
Lemma 22. There is a homotopy equivalence
FnQk(O=O(V ))=Fn−1Qk(O=O(V )) 
∨
7
(SAdn ∧ SnV )h Aut(7)
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where the wedge sum is indexed; as usual; on a set of representatives of the connected com-
ponents of kPn.
This 7ltration of Qk(O=O(V )+) stably splits, by Miller’s and Snaith’s splitting results. Notice
that the subquotient space in Lemma 22 is homotopy equivalent to the homotopy 7ber described
in Corollary 21. This explains why Tn(V ) should be a good model for Qk+1(O=O(V )+) (how-
ever, the reader is warned once again that the space Tn(W;V ;mk; : : : ; m0) is probably not a good
model for anything before passing to a limit).
We are now ready to state the main theorem of this section.
Theorem 23. The composed map
QFnQk(O=O(V )+)
Qk+1(O=O(V )+)
Tn(V )
is a homotopy equivalence of functors of degree n.
Notice that the theorem implies that Tn(V ) is the nth Taylor polynomial of the functor
Qk+1(O=O(V )+).
Proof. We follow the strategy of the proof of theorem 2:21 in [4]. The proof is by induction
on n. The veri7cation for the case n= 0 is trivial (both the domain and the target are Q(S0)).
Assume the claim is true for n− 1. Consider the diagram
QFn−1Qk(O=O(V )) −−→ Tn−1(V ) 
QFnQk(O=O(V )) −−→ Tn(V ) 
Q
(∨
7
(SAdn ∧ SnV )h Aut(7)
)
−−→ 7ber(Tn(V )−−→Tn−1(V )):
The vertical columns are 7bration sequences. We want to show that this diagram is homotopy
equivalent to one of the form
A → A
↓ ↑
A× B → A× B
↓ ↑
B → B:
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Thus, we want to show that the two columns give the same split 7bration sequence with the
arrows reversed, and that the horizontal arrows are homotopy equivalences. It is not hard to
check that the upper square commutes.
By contrast, the lower square does not commute, not even up to homotopy. However, it is
easy to see that it commutes on elements of highest 7ltration, and this implies that it commutes
after passing to the nth layers. The upper horizontal arrow is an equivalence by our induction
assumption. It follows that the central horizontal arrow is an equivalence on the (n − 1)th
Taylor polynomials. The bottom map is an equivalence by Lemma 22 and Corollary 21. It is
easy to see now that the bottom two vertical maps, as well as the bottom horizontal map, induce
equivalences on the nth layers of Weiss’ towers. Thus the middle arrow is a transformation of
functors of degree n that is an equivalence on the (n− 1)th polynomials and on the nth layers,
therefore it is an equivalence.
The next step is to use our models for the Taylor polynomials of the functor Qk+1((O=O(V ))+)
to construct models for the Taylor polynomials of the co-simplicial space [k] → Qk+1((O=
O(V ))+). We will use this cosimplical space to describe the nth layer of the functor (O=O(V ))
and thus of the functor BO(V ) (cf. [4, Sections 3 and 4]).
Consider the functor m0Sm0 · · ·mkSmk (Mor(W;W ⊕ V )+). Let 06 i 6 k and let
m0Sm0 · · · ˆmi Sˆmi · · ·mkSmk (Mor(W;W ⊕ V )+)
be the same functor with miSmi omitted. Consider the natural map
m0Sm0 · · · ˆmi Sˆmi · · ·mkSmk (Mor(W;W ⊕ V )+)
↓
m0Sm0 · · ·mkSmk (Mor(W;W ⊕ V )+):
Lemma 24. There exist natural maps for i = 0; : : : ; k
>i : Tn(W;V ;m0; : : : ; mˆi; : : : ; mk)→ Tn(W;V ;m0; : : : ; mk)
such that the diagrams
m0Sm0 · · · ˆmi Sˆmi · · ·mkSmk (Mor(W;W ⊕ V )+) → Tn(W;V ; : : : ; mˆi; : : : ; )  >i
m0Sm0 · · ·mkSmk (Mor(W;W ⊕ V )+) → Tn(W;V ;m0; : : : ; mk)
commute.
Proof. If i¿ 0 then the map >i is given by smashing with the identity map on Slimi .
If i=0 then the map is more complicated are we will describe it in detail. We need to describe
a map
Natk−1Mn(S
(W ;mk ; :::;m1)·7; S(W⊕V ;mk ; :::;m1)·7)
NatkMn(S
(W ;mk ; :::;m0)·7; S(W⊕V ;mk ; :::;m0)·7):
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For the purposes of this proof, we write an object of k−1Mn as a triple
((lk ; : : : ; l1); (9k ; : : : ; 92); {Ej})
thus we shift the indexing. Now suppose we are given an element of
Natk−1Mn(S
(W ;mk ; :::;m1)·7; S(W⊕V ;mk ; :::;m1)·7)
thus for each 7 ∈ k−1Mn we are given a map S(W ;mk ; :::;m1)·7 → S(W⊕V ;mk ; :::;m1)·7. We want to
assign to this data a map S(W ;mk ; :::;m0)·7 → S(W⊕V ;mk ; :::;m0)·7 for each 7 ∈ kMn. Of course, these
maps should satisfy some compatibility conditions, to assemble into a natural transformation.
Let
7= ((lk ; : : : ; l0); (9k ; : : : ; 91); {Ej})
be an object of kMn. For each element e of l1 let 9−1(e) be the object of k−1Mn given by all
the inverse images of this element in l2; : : : ; lk plus the relevant Ejs. We are given a certain
map associated with 9−1(e) for each e. Take the smash product of all these maps and take the
smash product of the resulting map with the identity map on Sm0 . This is the map we associate
with 7. To check that this is well de7ned and satis7es the assertion of the lemma amounts to
a tedious but straightforward unraveling of the de7nitions.
Now consider the semi-cosimplicial space [k] → Qk+1((O=O(V ))+). By semi-cosimplicial
we mean that we take into account only the coface maps, but not the codegeneracy maps.
Semi-cosimplicial spaces are good enough for our purposes because they still have “realizations”,
i.e., total spaces. Let
Tk+1n (V ) = hocolimW;m0;:::;mk→∞Tn(W;V ;m0; : : : ; mk)
(i.e., Tk+1n (V ) is what we called Tn(V ) until now, but now we want to keep track of the variable
k). Using the previous lemma, we can construct a semi-cosimplicial space [k] → Tk+1n (V ) and
a morphism of semi-cosimplicial spaces
Qk+1((O=O(V ))+)→ Tk+1n (V ):
By Theorem 23, Tk+1n (V ) is the nth Taylor polynomial of Qk+1((O=O(V ))+) and in fact the
map of semi-cosimplicial spaces induces on the level of total spaces the map from (O=O(V ))
to its nth Taylor polynomial.
Now we can use the semi-cosimplicial space [k] → Tk+1n (V ) to write a formula for the nth
layer of the Weiss tower of the functor V → BO(V ). Indeed, the nth layer of this functor is given
by the semi-cosimplicial space [k] → 7ber(Tk+1n (V )→ Tk+1n−1 (V )). It follows from Corollary 21
and its proof that this semi-cosimplicial space is equivalent to the Semi-cosimplicial space whose
k-cosimplices space is the homotopy colimit, as W;m0; : : : ; mk go to ∞, of the spaces∏
7
Map∗(O(n)+ ∧Aut(7) SW⊗(⊕Ej)+mili ; S(W⊕V )⊗(⊕Ej)+mili ∧ EO(n)+)O(n):
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It is easy to see that in this cosimplicial space the coface map di is given by smashing with
the identity map on Smili for all i including i=0. Now, taking mis to be 7nite sets, and taking
the homotopy colimit over 7nite sets, one can use BTokstedt’s addition functor to construct a
homotopy equivalence from this semi-cosimplicial space to the one given by
[k] →
∏
7
Map∗(O(n)=Aut(7)+; QO(n)(S
nV ∧ EO(n)+))O(n);
where QO(n) stands for equivariant stable homotopy with respect to the O(n)-universe
⋃
k Rkn
(see p. 27 of [4] for more details on a very similar situation). It is easy to see that this
cosimplicial space can be rewritten as
[k] →Map∗(Ok;n; QO(n)(SnV ∧ EO(n)+))O(n)
with the coface maps being induced by the face maps in the simplicial space O•; n. It follows
that the total space of this cosimplicial space is equivalent to
Map∗(Ln; QO(n)(S
nV ∧ EO(n)+))O(n):
This, in turn, implies, by the Adams isomorphism for incomplete universes [13], that the nth
layer of the Weiss tower of BO(V ) is equivalent to
∞(Map∗(Ln; 
∞ SAdnSnV )hO(n)):
This completes the proof of Theorem 2.
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